Following earlier works on the KMY model of black-hole formation and evaporation, we construct the metric for a matter sphere in gravitational collapse, with the backreaction of pre-Hawking radiation taken into consideration. The mass distribution and collapsing velocity of the matter sphere are allowed to have an arbitrary radial dependence. We find that a generic gravitational collapse asymptote to a universal configuration which resembles a black hole but without horizon. This approach clarifies several misunderstandings about black-hole formation and evaporation, and provides a new model for black-hole-like objects in the universe.
Introduction
In the study of the formation and evaporation of black holes, various approximation schemes have often been adopted. In particular, as the surface of a collapsing star gets very close to the Schwarzschild radius, pre-Hawking radiation is expected to arise before the horizon emerges, but its back-reaction is conventionally ignored. We will show in this paper the significance of this back-reaction on geometry despite its extreme weakness.
A new approach to black-hole formation and evaporation was proposed by Kawai, Matsuo and Yokokura in 2013 [1] . It allows us to study the space-time geometry for a collapsing sphere, without ignoring the back-reaction of pre-Hawking radiation 1 as a solution to the Einstein equation. It was found that the back-reaction of pre-Hawking radiation prevents the apparent horizon to emerge whenever there is complete evaporation [1] [2] [3] [4] [5] . 2 The proposal that pre-Hawking radiation prevents the formation of horizon was also proposed in Refs. [6] [7] [8] [9] . Various aspects of this new approach, including its generalization and its connection to the information loss paradox, have been discussed in the literature [1] [2] [3] [4] [5] . While it was the special case of a matter sphere collapsing at the speed of light that was considered in the original paper [1] , we shall refer to all models of black-hole formation and evaporation that are constructed following this new approach [1] [2] [3] [4] [5] as the KMY model.
In this paper, we focus on the geometry inside the collapsing sphere, generalizing the results of earlier papers [1, 2, 4] . The metric of the full space-time is found for mass densities and collapsing velocities with arbitrary radial dependence. It allows us to clarify various misunderstandings about black-hole formation and evaporation. Furthermore, we shall emphasize the notion of the asymptotic black hole, which refers to a universal asymptotic state of late-stage gravitational collapse. A generic gravitational collapse with a sufficiently large mass eventually evolves into a configuration which is almost indistinguishable from this asymptotic state, and, for a distant observer, it is also very difficult to distinguish it from a real black hole with horizon.
In Sec.2, we first review the KMY model, and then derive the red-shift factor inside a collapsing sphere for generic radial distributions of mass and velocity. The space-time metric for the collapsing sphere is given in Sec. 3 . We verify that the energy-momentum tensor involves no singularity at the surface of the collapsing sphere, and analyze the case of a sphere collapsing at the speed of light in more detail as an example. Finally, we clarify misconceptions in Sec.5, and comment on implications of the KMY model in Sec.6.
KMY Model
The KMY model [1] describes a gravitational collapse with the back-reaction of pre-Hawking radiation taken into consideration. The major difference between the KMY model and the conventional model of black holes is the following. In the conventional model, it is assumed that Hawking radiation (as well as pre-Hawking radiation) exists only at distance, and the neighborhood of the horizon is a vacuum state. However, it was shown [10, 11] that this is not a consistent assumption. Even if the horizon is in vacuum in the beginning, it will evolve into the state of a "firewall" at a later time. On the other hand, the KMY model assumes that the pre-Hawking radiation contributes to the energy-momentum tensor in the Einstein equation even at the surface of the collapsing sphere, when it is close to the Schwarzschild radius. Taking into account of the back-reaction of the pre-Hawking radiation, one can show [1] [2] [3] [4] [5] that the whole collapsing sphere can evaporate completely without apparent horizon.
In this paper, we shall make the following assumptions for simplicity and for technical convenience. We shall assume (1) spherical symmetry and (2) pre-Hawking radiation being composed of nothing but massless dust (spin-0 free particles).
Geometry Outside Collapsing Sphere
In this subsection, we review the geometry outside a collapsing sphere. Please refer to Refs. [1, 3, 5] for more details.
For the space-time geometry with spherical symmetry, one can always define the radial coordinate r by demanding that the metric is of the form ds 2 = g tt (t, r)dt 2 + 2g tr (t, r)dtdr + g rr (t, r)dr 2 + r 2 dΩ 2 ,
where dΩ 2 = dθ 2 + sin 2 θdφ 2 , so that the area of a sphere of radius r is 4πr 2 .
Denote by R 0 (u) the radial coordinate of the surface of the collapsing sphere. 3 There is nothing but pre-Hawking radiation (which is assumed to be composed of massless spin-0 particles) for r > R 0 (u). It follows from the Einstein equation
that the geometry for r > R 0 (u) should be described by the outgoing Vaidya metric 4 [12] :
where a 0 (u) is the Schwarzschild radius. 3 In the case when there is an everlasting collapse without boundary, we have R 0 (u) = ∞, and most of the results of this paper still apply. 4 See Appendix A for more about the outgoing and ingoing Vaidya metrics.
According to the Einstein equation, the energy-momentum tensor for pre-Hawking radiation outside the collapsing sphere is
with all other components of the energy-momentum tensor (T ur , T rr , T θθ , T φφ ) vanishing. As T uu should be positive to represent an outgoing radiation,ȧ 0 (u) should be negative. The Schwarzschild radius a 0 (u) would correspond to the location of a (white-hole) apparent horizon only if R 0 (u) becomes smaller than a 0 (u), since the outgoing Vaidya metric only applies to r > R 0 (u). This is however impossible if there is complete evaporation [1, 3, 5] . The argument goes as follows. 5 If there would be an event horizon, there must be some infalling light-like trajectories which are geodesically incomplete from the viewpoint of a distant observer (in the coordinate patch of (u, r)). If there would be an apparent (but not event) horizon, there must be a moment when certain infalling light-like trajectories cross over a 0 (u). There is no event nor apparent horizon if all infalling light-like geodesics do not cross over a 0 (u) and they are all geodesically complete. It can be shown that a 0 (u) shrinks at a speed faster than light as long asȧ 0 < 0, it is thus impossible for infalling light-like geodesics to cross over a 0 (u) within the coordinate patch of (u, r). Furthermore, if there is complete evaporation
for some finite u * , the outgoing Vaidya space-time turns into the Minkowski space-time at u = u * . As the Minkowski space-time is geodesically complete, all infalling trajectories can be shown to be complete [1, 3, 5] . The claim that there is no horizon in gravitational collapse even for an astronomically massive star, due to the creation of quantum particles, can be unsettling at first. But it is supported by explicit calculation, and we will explain more below in Sec.5 and the appendix. Let us also emphasize here that the assumption of complete evaporation is not necessary for most of the discussion below. If there would be a black-hole event horizon, it just means that the coordinate system (u, r, θ, φ) (and our discussion based on this coordinate system) can only apply to the space-time outside the event horizon,
The trajectories of R 0 (u) and a 0 (u) depend on further details about the collapsing sphere. In the extreme case of gravitational collapse where the matter sphere collapses at the speed of light, the trajectory of R 0 (u) should be an ingoing light-like geodesic [1] . Due to the continuity of the metric at r = R 0 (u), the outgoing Vaidya metric (3) implies that
When the separation between R 0 (u) and a 0 (u) is much shorter than the wavelength of the dominant mode in pre-Hawking radiation, the energy flux in pre-Hawking radiation should Figure 1 : Thin matter shells (blue curves) in gravitational collapse approach to, and then stay close to the Schwarzschild radii (red dash curves) of each thin shell. The space between neighboring matter shells contains pre-Hawking radiation and is described by the outgoing Vaidya metric.
be well approximated by the usual formula for Hawking radiation,
for large a 0 (u) (See Ref. [1] and Sec. 4.2.), which leads to a slow change in the Bondi mass
The constant σ is given by
where N 0 is the number of species of massless particles. This equation implies that
There is thus complete evaporation, up to the possibility of a small remnant as eq. (7) is valid only for large a 0 . We shall focus on large-scale physics in this paper, and view the remnant as one of the particles in pre-Hawking radiation. Given the solution (9) of a 0 (u), eq.(6) then determines, for the collapse at the speed of light, the trajectory of R 0 (u), which sets the boundary of the outgoing Vaidya metric (3).
Red-Shift Factor
Conventionally, it is believed that (pre-)Hawking radiation can be ignored when one considers the geometry inside a collapsing star. A more reliable approach was proposed in Refs. [1, 2] , without neglecting the back-reaction of (pre-)Hawking radiation. In this approach, the interior of the collapsing sphere is decomposed into infinitely many infinitesimally thin matter shells separated by infinitesimally thin layers of space in which there is nothing but preHawking radiation. (See Fig.1 .) Due to spherical symmetry, one can use the outgoing Vaidya metric for each layer of space, and then take the continuum limit to find the continuous metric. The crucial step is to compute the red-shift factor relating the Eddington retarded times in different layers. This is what we will do in this subsection.
Let us first discretize the collapsing sphere into N thin shells. Consider the n-th collapsing thin shell of radius R n (u n ). (The outermost shell is labelled by n = 0.) The Eddington retarded time coordinates u n and u n+1 in the two thin layers of space sandwiching this collapsing matter shell are related by a red-shift factor that can be determined by the continuity of the induced metric at r = R n (u n ):
For a given trajectory R n (u n ), we find the red-shift factor
. Here da n (u n ) ≡ a n+1 (u n+1 ) − a n (u n ) is assumed to be very small so that higher orders of da n can be ignored. It follows that the red-shift factor between any two (not necessarily neighboring) layers of space with labels m and n (m > n) is
In the limit of infinite N , we use a continuous parameter α to replace the index n, and the expression above becomes
The gives the red-shift factor between any two layers of space in the continuum limit. This formula is valid for arbitrary trajectories of the thin shells, assuming that the ordering of the shells is preserved. It allows us to think of the coordinate u α 1 in a layer as a function of the coordinate u α 2 in another layer. We shall reserve the symbol u with no argument as the Eddington retarded time for r > R 0 (u) (i.e. u = u 0 ), and the coordinate u α (u) on any shell can be viewed as a function of u through the red-shift factor. Taking a step further and using the radial coordinate r to replace the parameter α, we introduce two functions a(u, r) and V (u, r), where a(u, r) is defined by a(u, r) = a α (u α (u)) and V (u, r) is defined by V (u, r) = dRα(uα) duα when r = R α (u α (u)) for a certain value of α. It is assumed that, at a given time u, there is a unique thin shell labelled by α that is of radius r.
In terms of a(u, r) and V (u, r), the red-shift factor between the Eddington retarded time u(r) at a given coordinate r (That is, u(r) = u α if r = R α .) and the Eddington retarded time u = u(R 0 ) outside the collapsing sphere is
where a ≡ ∂a ∂r .
In the case when all thin shells are collapsing at the speed of light,
hence
the expression for the red-shift factor can be simplified as
This was first obtained in Ref. [1] . Eq. (14) is a generalization of this expression, and is the main result of this subsection.
Trajectories of Collapsing Shells
The geometry inside the collapsing sphere depends on the trajectories of each thin shell R α . If all thin shells are collapsing at the speed of light, the trajectories of R α are given by eq. (15) . More generally, it could be determined by an equation of motion of the form
whereṘ α ≡ dR α /du α . In terms of the velocity field V (u, r), the equation above is equivalent to
where the derivative D is defined by
It is the time derivative of u α along the trajectories of the thin shells. In general, if a physical quantity f α (u α ) defined for each thin shell is to be replaced by a field f (u, r) through the correspondence f (u, R α (u α (u))) = f α (u α (u)) (for all α), we have
where dR α /du α can be replaced by V (u, R α ), and du/du α by e −ψ . Hence we are justified to
when a quantity f α (u α ) is replaced by the corresponding space-time field f (u, r). The evolution of the Schwarzschild radius a α for each layer is determined by the energy flux of pre-Hawking radiation, and its evolution equation is [1] (See Ref. [1] and Appendix B.)
where U is the light-cone parameter in the infinite past 6 and {·, ·} is the Schwarzian derivative defined by
with the dots referring to derivatives with respect to u α . Since
we have
A special case of this equation is
where
Eq.(27) determines the evolution of the Schwarzschild radius a 0 of the collapsing sphere. Analogous to eq. (7), it approximately gives
for large a α (u α ) in a collapsing sphere with a smooth mass distribution. In terms of a(u, r) and ψ(u, r), eq.(26) is equivalent to
Given initial conditions on ψ(u, r), V (u, r) and a(u, r), eqs. (14), (19) and (30) determine the time evolution of the three functions ψ(u, r), V (u, r) and a(u, r), and they fix the geometry inside the collapsing sphere. 6 U is the Eddington advanced time of the infinite past, which can be used to label ingoing light-rays.
Ingoing light rays from the infinite past are reflected at the origin and then turned into outgoing light rays, which can be labelled by the Eddington retarded time u α when it crosses the infalling thin shell labelled by α. There is thus a correspondence between U and u α . When the collapsing sphere is a shell, U can be identified with the Eddington retarded time for the Minkowski space enclosed within the inner surface of the shell.
Geometry of Collapsing Sphere
In the above, we have decomposed a collapsing sphere into infinitely many infinitesimally thin collapsing shells separated by infinitesimally thin layers of space filled with outgoing pre-Hawking radiation. Assuming that the pre-Hawking radiation is dominated by massless dust, the resulting metric in the continuous limit is expected to be the outgoing Vaidya metric modified by the red-shift factor e ψ (14):
Apart from the definition of ψ(u, r) by eq. (14), this is formally a totally generic spherically symmetric metric since the spherical symmetry in 3+1 dimensions only allows two parametric functional degrees of freedom.
There is an event horizon at r = a * if
There is no horizon if there is complete evaporation (5).
For the metric (32), the light-like one-forms in the radial directions are
The 1-form e ψ(u,r) du is interpreted as the differential of the Eddington retarded time du α for r = R α (u α ). Constant-u curves are outgoing light-like geodesics, and ξ vanishes on the ingoing like-like geodesics. The function m(u, r) defined by m(u, r) = a(u, r)/2 has an invariant geometric meaning [13] and can be interpreted as the mass inside the sphere of radius r at the Eddington retarded time u. The function ρ(u, r) defined by
can be interpreted as the density function of the collapsing matter sphere. The physical degrees of freedom in the two functions a(u, r) and ψ(u, r) correspond to the freedom in the radial distribution of energy (ρ(u, r)), and the freedom in the velocities of particles (V (u, r)). For the special case of collapsing at the speed of light, ψ(u, r) is completely determined by a(u, r).
According to their physical interpretation, the parametric functions a(u, r) and ψ(u, r) are expected to satisfy the following conditions:
and
The first constraint (36) on a(u, r) ensures that the geometry for r ≥ R 0 (u) is given by that of the outgoing Vaidya metric (3) with the Schwarzschild radius a 0 (u). The second constraint on a(u, r) (37) makes sure that the Schwarzschild radius a(u, r) is always hidden inside the thin shell at r, and thus the factor (1 − a(u, r)/r) is always positive. The third constraint on a(u, r) (38) corresponds to the statement that the energy density ρ(u, r) (35) is non-negative. The fourth constraint on a(u, r) (39) is the assumption that pre-Hawking radiation decreases the energy of each matter shell in the collapsing sphere. If Da(u, r) = 0 (∀ r, u), the metric (32) describes a collapsing sphere of dust without radiation and it should be equivalent to the Lamaître-Tolman-Bondi metric.
The first constraint on ψ (40) refers to the definition of R 0 that there is no collapsing matter for r > R 0 . The second constraint on ψ (41) corresponds to the statement that the red-shift factor is larger at smaller r. Combining these two constraints on ψ, we get
which means that the Eddington retarded time coordinate of an inner shell suffers a red-shift factor relative to the time coordinate u at distance.
Energy-Momentum Tensor
The Einstein equation determines the energy-momentum tensor for the metric (32) to be
The conservation of energy-momentum is ensured by the Einstein equation. The weak energy condition demands that T uu and T rr be positive, which are guaranteed by the requirements (37)-(39) and (41).
The energy-momentum tensor can be decomposed into three parts:
where T ≡ T µν dx µ ⊗ dx ν is the total energy-momentum tensor, T (out) represents the preHawking radiation, T (in) stands for the collapsing matter and T θθ dΩ 2 is the tangential component induced by the collapse and radiation. We have
is supposed to be proportional to the velocity one-form of the collapsing matter. The component form of the energy-momentum tensor (43)- (45) implies that
As a confirmation of our interpretation about the decomposition (48), the expression of T out is precisely that of the outgoing energy flux for the outgoing Vaidya metric in an infinitesimal layer of space:
with da α /du α replaced by Da. (See (20) for the definition of the comoving derivative D.) Using eq.(54), the velocity one-form ζ (56) can be written as the superposition of the two light-like one-forms (34) as
This is time-like if
which is precisely the condition that the velocity V (u, r) is smaller than the speed of light. This is another confirmation of our interpretation of the decomposition (48).
Absence of Singularity at Surface of Collapse
As long as a(u, r) and ψ(u, r) are continuous functions at r = R 0 (u), as the continuity conditions (36) and (40) already imply, there is no δ-function contributions at the boundary in the energy-momentum tensor components T uu , T ur and T rr . To ensure the absence of δ-function contribution in T θθ and T φφ at the boundary (the absence of an additional membrane with non-zero tension at r = R 0 (u)), we need
to be free of δ-function at r = R 0 (u). This means that we need
to be continuous at r = R 0 (u). (It is already known that 1 − a r is continuous at r = R 0 .) For r > R 0 , a(u, r) = a 0 (u) and so a (u, R Thus the expression (59) has a limit of 0 at r = R + 0 . For r < R 0 , using the general expression for the red-shift factor (14), we have
which implies that (59) vanishes at r = R − 0 . (R − 0 refers to the limit of r → R 0 from the side of r < R 0 .) Hence the expression (59) is indeed continuous at r = R 0 , demonstrating that there is no δ-function contribution in T θθ , or in any component of the energy-momentum tensor. We have thus proven that the metric (32) with ψ defined by eq. (14) does not suffer singularity at the interface r = R 0 .
Collapsing at Speed of Light
For the case in which both the collapsing matter and the pre-Hawking radiation are light-like, the energy-momentum tensor (48) is decomposable as the sum of the ingoing and outgoing light-like energy fluxes, apart from the pressure T θθ in the tangential directions. Indeed, the velocity one-form is light-like (ζ = ξ/2) according to eq.(56) when V (u, r) is given by eq. (16) , and the energy-momentum tensor is decomposable into the three components:
According to eq.(17), the red-shift factor is
With ψ(u, r) given by this expression, the space-time metric is completely determined by a(u, r). For a sphere collapsing at the speed of light for a long period of time, the equation for ingoing null geodesics (15) can be used to solve R α (u α ) as a function of a α (u α ) iteratively with the help of eq. (23), so that R α can be expressed as a function of a α . First, eq. (15) implies that
If R α has stayed close to a α over an extremely long period of time, to the lowest order approximation, we have R α a α .
To have a better approximation, one can use (65) with the last term 2R αṘα on the right replaced by its approximation 2a αȧα at the lowest order. That is,
where we used eq.(29) forȧ α (u α ) as the lowest order approximation of eq. (23). This is a better estimate of R α (u α ), and in particular we have
For an approximation to the next order, we can use eq.(67) to estimate the second term on the right hand side in eq.(65) to get an even better estimate of R α (u α ). This iteration can go on for ever, leading to an all order expression for R α (u α ) as a function of a α (u α ) only. The asymptotic form of R α (u α ) depends on u α only through a α (u α ).
To the approximation of (66), every matter shell stays at a coordinate difference
outside its Schwarzschild radius a α . It implies that
which can also be derived from eqs. (16) and (30). In particular,
Note that eq.(69) is valid only for r √ 2σ.
Using eq.(29), it is approximately
for r < R 0 (u) but r ∼ R 0 (u). Only the outgoing radiation T out is present for r > R 0 (u).
Asymptotic Approximation
In a gravitational collapse where the gravitational force dominates over other interactions, each matter shell in the collapsing sphere is accelerated to approach to the speed of light. The description of a collapsing sphere at the speed of light in Sec.3.3 is therefore a good approximation for a generic matter sphere that has been going through gravitational collapse for a sufficiently long time, until a α becomes too small for the approximation considered above to be valid. During this long period of time when R α stays extremely close to a α and eq.(68) is a good approximation for most of the matter shells in a collapsing sphere, the collapsing sphere demonstrates a universal behavior, and its geometry can be approximated by the same configuration for generic gravitational collapses. This configuration is characterized by eqs. (69) and (70), and we shall refer to it as the asymptotic black hole.
In the phase of the asymptotic black hole, the matter sphere must be very massive so that the pre-Hawking radiation is extremely weak, hence the configuration looks almost static for a distant observer. The surface of the collapsing sphere roughly stays at a constant distance outside the Schwarzschild radius a 0 (u), and the asymptotic black hole appears to be parametrized only by the Schwarzschild radius a 0 (u) of the whole sphere, as the geometry changes adiabatically with the change in a 0 (u).
Let us now give more details about the asymptotic black hole. Using eq.(69), the red-shift factor (64) of an asymptotic black hole is
where terms of order log(a 0 ) or higher are ignored. For r sufficiently close to a 0 , i.e. |a 0 − r| a 0 , it gives ψ(u, r) −Θ(R 0 (u) − r)
. This means that exp(ψ(u, r)) goes to zero quickly over a change in r of order σ/R 0 below the surface of the collapsing sphere. We can approximate the red-shift factor by e ψ(u,r) e −Θ(R 0 −r)
This red-shift factor will help us answer many questions below.
Metric for Asymptotic Black Hole
With the red-shift factor given by eq.(75), the metric (32) is approximately given by
where a 0 (u) = R 0 (u) − 2σ/R 0 (u). We are ignoring the region where R 0 − r σ/a 0 , which is relatively frozen. An important feature of this metric is that the time dependence of the configuration enters only through R 0 (u).
Note that factors of the form (r 2 /σ) n in the first two terms are of higher orders in comparison with the exponential factors in the large R 0 expansion. However, by tuning the exponent to vanish exactly at r = R 0 , factors of the form (r 2 /σ) n is fixed at the leading order by the continuity of the metric at r = R 0 . The energy-momentum tensor for the asymptotic black hole can be obtained straightforwardly from the results in Secs.3.1 and 3.3. In addition to the pre-Hawking radiation (T out ) and an ingoing collapsing matter sphere (T in ), the energy-momentum tensor includes another term T θθ dΩ 2 corresponding to a very large pressure in the tangential directions of the collapsing shells induced by the pre-Hawking radiation (T θ θ ) [4] . (See eq. (63).) The weak energy condition is satisfied but the dominant energy condition is violated [4] . (Note that the violation of the dominant energy condition is not unexpected in phenomena involving quantum tunnelling.)
For a distant observer, a large collapsing sphere looks almost static, and to the approximation that a(u, r) = a(r) is time-independent, the metric (76) can be presented in terms of the time coordinate analogous to the coordinate t in Schwarzschild solution. It is defined by
Eq.(70) ensures the continuity of the definition of t at r = R 0 . In terms of the new coordinate t, the metric is
As r → ∞, t is the time coordinate of the Minkowski space at infinity. With R 0 set to be a constant, this metric can also be viewed as an approximation of the metric of an asymptotic black hole in equilibrium with the environment at the Hawking temperature.
A very important lesson we can learn from either the metric (76) or (78) is that there is a huge red-shift factor that practically freezes up everything that is beyond a coordinate difference of order σ/a 0 below the surface of the collapsing sphere. To a distant observer, all dynamical degrees of freedom reside on the surface layer of the collapsing sphere of physical thickness of order
Everything beneath this layer is frozen. There is no horizon, but it would appear to a distant observer that particles falling through the surface layer can never come back due to the large red shift. Notice that it is √ 2σ that is the characteristic length scale in the geometry of the asymptotic black hole. It can in principle be much longer than the Planck length if the number N 0 of massless fields is large. For large N 0 , the geometry does not involve Planck-scale physics anywhere [4] . This model offers an opportunity to resolve the information loss paradox without resorting to Planck-scale physics.
More general metrics than eq.(76) were given in Ref. [2] for the late stage of gravitational collapse. (See Appendix D.)
Pre-Hawking Radiation
As we have mentioned, a crucial feature that distinguishes the KMY model from the conventional models is that pre-Hawking radiation contributes to the energy-momentum tensor in Einstein's equation not only at distance, but also at the neighborhood of the collapsing matter. This contribution can be computed as the expectation value of the energy-momentum operator [1] .
The total energy flux of the pre-Hawking radiation is determined by ψ 0 (28). According to eq.(75), it is approximately
for an asymptotic black hole. Henceψ
and the evolution equation for a 0 (u) (27) becomes
for R 2 0
σ. This is in agreement with eq. (7), which is the usual expression for Hawking radiation. It implies complete evaporation (9) at the macroscopic scale.
The spectrum of pre-Hawking radiation can be obtained by computing the Bogoliubov transformation induced by the time-independent background of the collapsing sphere. It is approximately the radiation spectrum at the Hawking temperature. For more details, see Appendix B.
Point-Particle Trajectory
In this section, we consider the motion of a free particle as a probe of the geometry inside a matter sphere in gravitational collapse. For the purpose of illustration, it is sufficient to consider the approximate form of the metric eq.(78).
To simplify the notation, we write the metric (78) as
where ψ is given by eq.(75) and B ≡ 2σ r 2 for r < R 0 . The action for a point particle of mass m is
where we have omitted the angular degrees of freedom because we will focus on motions in the radial direction. (ṙ refers to dr/dt.) The conjugate momentum of r and the Hamiltonian are 
For a particle with a given energy H = E, we have
There is thus an inequality
or equivalently, |ṙ| < Be ψ .
The time T for a distant observer to see a particle travelling from r = r 0 < R 0 to R 0 (or the other way) is thus 
assuming that R 0 (R 0 −r 0 )/σ 1. Consider, for example, r 0 = R 0 −100σ/a 0 . The expression above gives roughly
This is an extremely long time to fall through an extremely short distance. For R 0 of the order of the sun's radius (about 5 light seconds), T is 30000 times the age of the universe (10 10 years). Although this is still much shorter than the time it takes to evaporate a sun's mass by Hawking radiation (10 67 years), this is the same as saying that, for most practical purposes from the viewpoint of a distant observer, the particle will never be able get anywhere deeper than, say, 100 times the Planck length under the surface of the collapsing sphere (assuming that σ/2 is of the order of the Planck length).
From the viewpoint of a distant observer this is practically the same as having a "horizon" roughly at a 0 and everything behind this "horizon" can never come out. On the other hand, according to the mathematical definition of apparent horizon or event horizon, there is no horizon in space-time.
Absence of Singularity at Origin
While it has been proven in Sec.3.2 that there is no singularity at the surface of the collapsing sphere (r = R 0 (u)), we show here that it is possible to avoid the singularity at r = 0 in the asymptotic black hole and comment on generic gravitational collapses.
In the above, we have used eq.(69) inside the asymptotic black hole. But eq.(69) is valid only for r √ 2σ. We have not yet discussed the geometry for r < √ 2σ. In this subsection, we shall assume that N 0 1 such that √ 2σ p and study the geometry of an asymptotic black hole near the origin.
To understand the geometry near the origin, we first note that there is a huge redshift factor (80) between the time coordinate u outside the collapsing sphere and the time coordinate U near the origin. As this number is exponentially larger than the time scale for evaporation (it is 10 10 86 for R 0 of order of the sun's radius and √ σ of order of the Planck scale.), we are justified to assume that a(u, r) is nearly independent of u for r ∼ 0. That is, a(u, r) 0 for r ∼ 0.
Together with eq.(69), we have a(u, r) a(r) ∀r ≤ R 0 . While V (u, r) is approximately given by eq. (16) for an asymptotic black hole, a(r) can be fixed as follows. Using eqs. (17) and (25), we find
One can then check that, using eq.(91) in the limit r → 0, the evolution equation of a(u, r) (30) can be solved as an expansion in r:
for an arbitrary positive constant A. As a result, (1 − a(r)/r) approaches to a constant in the limit r → 0. It follows that all components of the energy-momentum tensor (43)-(47) approach to zero as r → 0, and the metric (76) approaches to the Minkowski space, without singularity. Strictly speaking, the calculation above only proves that there exist asymptotic black holes (which are stablized for r ≤ R 0 in the sense of eqs. (70) and (91)) that are regular at r = 0. We can never rule out the possibility that singularity exists simply due to an improper choice of initial condition or the time evolution equation (19) . A more interesting task is to characterize the singularity generated by a gravitational collapse with a regular initial condition, and compare it with the singularity in a conventional model. In a conventional model, there is a space-like singularity at r = 0 inside the horizon. This is a signal of the failure of low-energy physics. However, for a distant observer, the singularity is visible only at the instant of complete evaporation. Quantum gravity is needed only for a small space-time region presumably of Planck scale. (See Fig.2(a) [14] .) For the KMY model, if the singularity at r = 0 exists, it is a time-like (naked) singularity far away from the surface of the collapsing sphere until the last moment of evaporation. It is irrelevant to the information loss paradox -about how information is passed from the collapsing matter to pre-Hawking radiation, which happens mainly near the surface, except the last bit of evaproation.
For a distant observer, the huge red-shift factor (80) implies that, if there is no singularity at r = 0 in the initial state, and it takes some time ∆U = for the singularity to emerge at r = 0 out of the infalling matter, the time it takes for a distant observer would be
This means that even if is of Planck scale, ∆T is about 10 10 86 years if R 0 is about the size of the sun and √ σ about the Planck time. Of course, ∆T should not be larger than the time it takes for the whole star to evaporate. What we learn from the calculation above is that unless there is a singularity at the origin in the beginning, from the viewpoint of a distant observer, the origin can develop a singularity only briefly before the instant of complete evaporation. Therefore, just like in Sec.4.3, we have seen how the huge red-shift factor (80) serves as an effective horizon for the asymptotic black hole for a point particle, this red-shift factor also acts like a horizon to protect the singularity at the origin from being seen by a distant observer until the last moment of evaporation (see Fig.2(b) ). This feature is very similar to the story of the conventional model.
Misconceptions
The explicit solution of the metric for a collapsing sphere including pre-Hawking radiation allows us to prove or disprove claims about black holes through explicit calculations, without ignoring the back-reaction of the pre-Hawking radiation, and therefore to clarify a few misconceptions.
Misconception 1
If a gravitational collapse leads to the formation of an apparent or event horizon, the horizon will still form if the gravitational collapse is modified by an extremely weak outgoing radiation.
This erroneous statement is often used to justify the assumption of a black-hole apparent horizon in a gravitational collapse by ignoring the back-reaction of the Hawking radiation. However, as it was shown in Refs. [1, 3, 5] , while the gravitational collapse of massless dust in classical gravity will certainly lead to a black-hole horizon, turning on an arbitrarily weak outgoing radiation will obstruct the formation of any horizon, as long as the radiation leads to a complete evaporation. (Please refer to Refs. [3, 5] for a comprehensive explanation.) Note that, as long as the radiation is finite (not approaching to zero, i.e. |ȧ| > for any given constant > 0), the energy of an arbitrarily large star can always be exhausted within a finite time (shorter than 2M/ for a star of mass M ). If the pre-Hawking radiation does not lead to complete evaporation, the metric (32) would imply the existence of a horizon.
The origin of the problem in this misconception can be related to the fact that the Schwarzschild solution is degenerate as it describes two physically different states: the black hole and the white hole. Consider a star whose radius R 0 is slightly larger than the Schwarzschild radius a 0 but the difference R 0 − a 0 is too small to be detected by a distant observer. If there is no radiation detected by the distant observer, he is inclined to assume that it is a black hole. However, in principle it can be a star with an outgoing radiation that is too weak to be observed, and it is possible that the star will eventually evaporate completely, without ever creating an apparent horizon. (See Appendix A.)
It is perhaps still intuitively puzzling from the perspective of an infalling observer, who falls in with the collapsing sphere. How is it possible for him to see the whole star evaporate before the horizon forms, due to sparse creation of quantum particles? More specifically, an infalling observer falls to the origin within a proper time of order M (M is the initial mass of the collapsing star), while the power of pre-Hawking radiation is only of order 1/M 2 , how can the whole star evaporate before the observer reaches the origin? This question can be answered quantitatively via calculations, which is shown in Appendix C. Roughly speaking, the infalling observer in free fall is accelerated to approach to the speed of light so that his proper time runs much slower, while the intensity of pre-Hawking radiation gets much stronger, compared with an observer at a constant distance from the star.
Misconception 2
Hawking radiation (or Hawking-like radiation -including pre-Hawking radiation) can appear only if there is (or will be) a black-hole horizon.
An intuitive interpretation of Hawking radiation is to imagine a virtual pair of particles created near the horizon, with one particle going to distance and the other falling into the horizon. However, this does not mean that it is impossible to have Hawking-like radiation created under different circumstances. The quantum field theory explanation of Hawking radiation is a nontrivial Bogoliubov transformation. There have been a series of works [15, 16] about Hawking-like radiation due to nontrivial evolutions of space-time. The conclusion established by these works is that it is possible to have Hawking-like radiation even when there is no (apparent or event) horizon. What is really needed is an exponential relation between the parametric light-like coordinate U for the incoming light rays from the infinite past and the light-like coordinate u for the outgoing light rays to the infinite future. (See Appendix B.) It turns out that the exponential relation between U and u for the KMY model differs by a minus sign in the exponent from the conventional models of gravitational collapse, and as a result the Bogoliubov transformation coefficients are different by complex conjugation. Nevertheless, the spectrum of pre-Hawking radiation remains the same [1] .
Misconception 3
If pre-Hawking radiation contributes to the energy-momentum tensor at the surface of the collapsing sphere, there would be a huge energy flux at the surface of collapse as it approaches to the Schwarzschild radius.
This statement has been used to argue why the space around the horizon has to be a vacuum state for an observer in free fall [17] , and why Hawking radiation exists as classical radiation only at distance in conventional models. However, the blue-shift factor does not diverge if there is no horizon.
In the absence of the horizon, one might still wonder if the pre-Hawking radiation would be too strong at the surface of the collapsing sphere to use low energy physics. This was checked in Ref. [5] , and it was checked that pre-Hawking radiation is extremely weak everywhere. The mechanism behind the calculation is the following. The larger the pre-Hawking radiation is, the faster the Schwarzschild radius shrinks, and thus a larger separation between R 0 and a 0 , implying a smaller blue-shift factor. As the energy flux density of the pre-Hawking radiation at distance is proportional to 1/a 4 0 , and the blue-shift factor at R 0 is proportional to a 2 0 , the energy flux density of the pre-Hawking radiation at R 0 is proportional to 1/a 2 0 . The energy flux density is thus extremely weak at the surface of the collapsing sphere for large a 0 . Hence, even though we have not assumed the vacuum state for an observer in free fall near the surface of the collapsing sphere, for an asymptotic black hole with an astronomical mass, the radiation flux is so weak that it would be hard to be distinguished from the vacuum state.
Comments

Information Loss Paradox
In conventional models of black holes [14] , the gravitational collapse of a star can lead to an apparent horizon. Hawking radiation is created outside the horizon, and eventually the whole star evaporates. This picture leads to a conflict between locality and unitarity in low energy effective theories. Unitarity demands that Hawking radiation carries the full information of the collapsing matter, but locality forbids the matter deep inside the horizon to transfer its information efficiently to the Hawking radiation outside the horizon [18] . This is the information loss paradox [14, 18] .
In the KMY model, there is no horizon unless it already exists in the initial state. No information available to a distant observer becomes hidden behind a horizon as a result of gravitational collapse. In fact, even if the formula of pre-Hawking radiation is modified such that a remnant black hole survives with a horizon, as the pre-Hawking radiation is always created at the surface of the collapsing matter, there is no need to sacrifice locality for unitarity [4, 5] . This approach to solving the information loss paradox was also proposed in Refs. [6] [7] [8] [9] .
Black-Hole Entropy and Brick Wall Model
As the spectrum of pre-Hawking radiation in the KMY model is approximately the same as that in the conventional model (7), we arrive at the same expression
for the entropy of an asymptotic black hole based on the thermodynamical formula
where T H is taken to be the (pre-)Hawking temperature T H = 1/(4πa 0 ). In Sec.4, we found that, with respect to a distant observer, everything happening inside the collapsing sphere looks frozen, except that the outermost shell of thickness ∆R 0 (67) at the surface remains exponentially comparatively more active. This result not only motivates a new membrane paradigm, it also gives an intuitive explanation of the area law of the Bekenstein-Hawking entropy (95), apart from the numerical factor of 1/4, The KMY model also gives a new interpretation and some modification to 't Hooft's brick wall model [21, 22] , where a fictitious brick wall (cutoff) is imposed at a short distance h outside the horizon. The brick wall model was proposed as an effective description of black holes, such that, for example, one can apply quantum mechanics to compute the entropy of a black hole by imposing the boundary condition that all wave functions of particles vanish on the wall. A peculiar feature of the entropy formula (95) is that it is independent of the number of species of particles in the theory. (In contrast, for instance, the entropy of a box of gas depends on the number of different types of gases.) As a result, in the brick wall model, in order to produce the correct black-hole entropy (95), the thickness of the brick wall has to be proportional to the number of species of massless particles:
where N 0 is the number of species of light particles, G is the Newton constant and M is the mass of the black hole. The peculiar feature h ∝ N 0 is put in by hand in the brick wall model, but it is automatically realized in the KMY model because R 0 − a 0 2σ/R 0 and σ ∝ N 0 .
In the KMY model, the brick wall is replaced by the surface layer of the collapsing sphere and it is real. The wave functions of particles do not just vanish on the shell, but can be extended into the sphere. It is a concrete well-defined problem to compute the entropy of the system without imposing the cutoff by hand. We leave this problem to the future.
Membrane Paradigm
The conventional membrane paradigm [23] has a thin radiating surface outside the black-hole horizon as an effective description of the black hole. See Fig.3(a) . In the KMY model, the surface layer of the collapsing matter acts like a physical membrane, as we have discussed above. If we analytically continue the outgoing Vaidya metric for r > R 0 into the space of r < R 0 , the surface of the collapsing matter is slightly outside the white-hole horizon. See Fig.3(b) . Fig.3(b) differs from Fig.3(a) not only by a time-reversal transformation but also a swap of the roles played by the membrane and the horizon: which one is imaginary and which one is real.
What was said about the stretched horizon in the membrane paradigm needs some modification to apply to the surface layer of the asymptotic black hole. For instance, in the membrane paradigm, the boundary condition of electromagnetic fields on the membrane is given by [24] E ×n B,
wheren is the (outward) unit normal vector of the membrane. It says that, in the limit when the membrane approaches to the horizon, as the horizon is composed of outgoing light-like curves, all electromagnetic fluctuations look like ingoing electromagnetic waves. This condition should be reversed in the new picture. The boundary condition of electromagnetic fields on the surface of the collapsing sphere should be
saying that all electromagnetic fluctuations are outgoing waves. It will be interesting to construct an effective theory for the collapsing sphere in which physical degrees of freedom inside the sphere are ignored except the thin layer (membrane) at the surface, as the new membrane paradigm.
Conclusion
In this work, we have derived the metric (32) for a collapsing matter sphere including the back-reaction of an outgoing radiation as a solution to the Einstein equation. The two parametric functions of the metric specify the collapsing velocity V (u, r) for the shell of radius r at time u, and the mass m(u, r) = a(u, r)/2 enclosed within this shell. The red-shift factor e ψ(u,r) in the metric (32) is determined by these two functions through eq. (14) . The significant implication of this result is that it allows us to answer questions through explicit calculations, rather than speculation or intuition. The energy-momentum tensor for the metric (32) is decomposed into the contributions of three sources: (1) infalling matter sphere, (2) outgoing radiation, and (3) pressure in the transverse directions. We have checked that there is no δ-function term in the energymomentum tensor at the surface of the collapsing sphere in general, and the singularity at the origin can be avoided in the asymptotic black hole.
The special case of a sphere collapsing at the speed of light is considered in detail, reproducing some of the results of Refs. [1, 2] . The consideration of a generic gravitational collapse naturally leads to the notion of asymptotic black holes as a universal asymptotic state for a wide range of initial conditions with spherical symmetry. Similar notion was also mentioned in Refs. [2, 4] without using the same terminology.
Despite our claim that a generic gravitational collapse approaches to the state of an asymptotic black hole, we do not have a rigorous statement about how general it is or whether it is an attractor in the phase space. In fact, as the notion of asymptotic black hole only applies to large massive objects, the very late stage of a gravitational collapse shortly before the complete evaporation is expected to be different.
The exponential form of the red-shift factor (75) for an asymptotic black hole freezes up everything inside the collapsing sphere except the outermost layer of thickness of order √ 2σ. It effectively serves as a horizon from the viewpoint of a distant observer (see Secs.4.3, 4.4) . This feature is also reminiscent of both the brick wall model and the membrane paradigm. respectively, with T vr = T rr = 0.
The ingoing Vaidya metric (106) satisfies the weak energy condition only iḟ
It can describe the interior of a sphere of infalling massless dust, with the infalling energymomentum tensor T vv (108) (without Hawking radiation). The outgoing Vaidya metric (107) satisfies the weak energy condition only iḟ
It can describe outgoing radiation with the energy-momentum tensor T uu (109) outside a radiating star. Both of the ingoing and outgoing Vaidya metrics (106), (107) can be viewed as small perturbations of the Schwarzschild metric if a I (v) and a O (u) appear to be approximately constant. For a sufficiently small time-derivative (|ȧ I (v)| or |ȧ O (u)|) the space-time region outside the Schwarzschild radius a I (v) or a O (u) can be well approximated by the Schwarzschild metric over an extremely long period of time for a distant observer. It can be very difficult to distinguish the three metrics: the Schwarzschild metric (no radiation), the ingoing Vaidya metric (ingoing radiation) and the outgoing Vaidya metric (outgoing radiation) if the radiation is too weak to be detected. In all three cases, there is a large red-shift factor so that all infalling matter would appear to be motion-less as it approaches to the horizon from the viewpoint of a distant observer.
Nevertheless, however small the derivativeȧ O is, as long as it is finite and negative (ȧ 0 < − for fixed > 0), eventually a O goes to zero, so that a O (u) = 0 for all u ≥ u * for some finite u * . At any finite time u < u * , the radiation can be so weak that a distant observer cannot tell its difference from a Schwarzschild black hole, yet all the energy evaporates completely within finite time so that the outgoing Vaidya metric turns into the Minkowski space. All time-like and light-like ingoing particles originated outside a O can never cross inside the Schwarzschild radius a O . This feature is completely different from the case of an ingoing Vaidya metric, for which ingoing particles can pass through the Schwarzschild radius a I within finite proper time.
In fact, while the surface at r = a I (v) is a trapping surface (constant-r curves are outgoing light-like curves) for the ingoing Vaidya metric, the surface at r = a O (u) is an "untrapping surface" (constant-r curves are ingoing light-like curves) for the outgoing Vaidya metric. We refer to the trapping surface as the black-hole (apparent) horizon, and the "untrapping surface" as the white-hole (apparent) horizon.
The sphere at r = a 0 in the Schwarzschild metric can be either a black-hole horizon or a white-hole horizon. The two horizons are degenerate in the coordinate r. An important implication of the degeneracy of the black hole and white hole in the Schwarzschild solution is that a small deformation of the Schwarzschild solution can be dramatically different from another small deformation.
for the exponential relation (117) are the complex conjugation of those for eq.(112) [1] . However, the probability of particle creation is the absolute value squared of the Bogoliubov transformation coefficients. As a result, the same spectrum of radiation is predicted for both exponential relations (112) and (117).
The definition of κ (114) should now be modified to
so that (115) and (116) 
The thermal radiation with the temperature T H (113) is thus a good approximation of the radiation of the KMY model for wave-lengths much shorter than a 2 0 / √ σ. As the preHawking radiation is dominated by wave-lengths of order a 0 (for a distant observer), the thermal spectrum is a good approximation for a 0 √ σ. The total power of radiation can also be calculated independently as the vacuum expectation value of the energy-momentum tensor via the point-slitting regularization. The result is [1] 
where the bracket is the Schwarzian derivative (24) . This implies that the Schwarzschild radius a 0 decreases with time as [1] ȧ
This is the origin of eq.(23).
Appendix C: Infalling Observer's Perspective
Although it is mathematically proven that there would be no horizon whenever there is complete evaporation, regardless of how long it takes to evaporate, one may find it perplexing why an infalling observer, as he falls in with the collapsing sphere, could see a massive star totally evaporate into quantum particles before the horizon emerges.
Let us calculate the proper time for the infalling observer to see the collapsing star evaporate away. Assuming that the infalling observer can be described as a particle of mass m in free fall, its trajectory can be described by the action S ≡ −m dτ = −m du 1 − a 0 (u) r(u) + 2ṙ(u),
where τ is the proper time for the infalling observer, and its equation of motion is d du log(K(u)) = − 1 2
Apparently, K 2 (u) has to be non-negative in order for the Lagrangian to be real. (It vanishes when the observer moves at the speed of light.) For an infalling process,ṙ(u) < 0, hence r(u) > a 0 (u). If r(u) approaches to a 0 (u) as u → ∞ but within finite proper time ( ∞ 0 dτ < ∞), the trajectory of r(u) is geodesically incomplete, and it means that there is a horizon at u = ∞. The other possibility is that a 0 (u) goes to 0 at finite u (e.g. a 0 (u) = 0 for u ≥ u * ). Then r(u) goes to 0 at someū > u * , and it is geodesically complete as it continues in Minkowski space for u ≥ū. We shall consider the latter case when a 0 (u) is a solution to eq. (7) given by eq. (9) . Denote the mass of the star at u = 0 by M , then u * = (2GM ) 3 /(3σ). 
In terms of K(u) as a measure of how close the observer is to the speed of light, this expression tells us that the observer approaches to the speed of light exponentially over a time scale of order (u * σ) 1/3 . The proper time for the infalling observer to see the complete evaporation of the star of initial mass M is approximately
where we have ignored subleading terms in the large-M expansion. If we take the limit of constant a 0 (correspondingly, u * → ∞), the value of T remains roughly the same. (The proper time of free fall is not dramatically changed by the pre-Hawking radiation.) The difference is that, if a 0 is a constant, the infalling observer falls to the horizon at r = a 0 within finite proper time T (as u → ∞). The infalling trajectory is geodesically incomplete, and we know that there is a horizon at u = ∞.
Here we consider the case of a 0 → 0 at finite u * (5). The question is whether the proper time T ∼ 4GM (K(0) is always less than 1) is long enough to see the whole star evaporate away. Hence we shall calculate the energy flux in pre-Hawking radiation from the viewpoint of the infalling observer. The energy-momentum tensor (4) for pre-Hawking radiation is interpreted by the infalling observer as a radiation of power
assuming that the infalling observer is close to the surface R 0 of the collapsing sphere, which is close to the Schwarzschild radius a 0 . (We have also used eq. (7).) The energy flux P appears to be very small due to the factor of 1/a 2 0 , despite the large blue-shift factor 1/(1 − a 0 /r) involved in the calculation [5] . It is large only if the observer is falling close to the speed of light (du/dτ diverges at the speed of light). In fact, the energy flux that should be integrated over time to account for the evaporation of the Bondi mass M is even smaller, given by
because the Bondi mass is defined with respect to the time coordinate u. Naively, there is a mismatch in the total time T of evaporation (of order M ) and the energy flux P (131) (naively of order 1/M 2 ), as their product should be of order M for complete evaporation. Nevertheless, it can be checked that the integral of radiation power over proper time
indeed gives the correct Bondi mass. This is because the infalling observer is accelerated by gravitational force towards the speed of light, and the factor du/dτ in P can be very large. This is the same effect as a Lorentz boost. If you move in the opposite direction of any radiation at the speed of light, the energy flux in the radiation would appear to be infinite. (The power P of radiation is very small before the infalling observer is accelerated to produce a large factor of 1/K(u), regardless of how close he is to the collapsing star.)
